We compute the full one-loop Electro-Weak (EW) contributions of O(α S α 3 EM ) entering the electron-positron into a quark-antiquark pair plus one gluon cross section at the Z peak and LC energies in presence of polarisation of the initial state and by retaining the event orientation of the final state. We include both factorisable and non-factorisable virtual corrections, photon bremsstrahlung but not the real emission of W ± and Z bosons. Their importance for the final state orientation is illustrated for beam polarisation setups achieved at SLC and foreseen at ILC and CLIC.
Introduction
There are innumerable tests of Quantum Chromo-Dynamics (QCD) that the e + e − → qqg cross section can enable: it provides direct evidence for the existence of the gluon (the QCD gauge boson), it also allows one to measure its spin and to confirm its non-abelian nature, it permits the measurement of the QCD coupling constant (α S ), it is sensitive to the Casimir form factors of QCD. Furthermore, if the flavour of the final state quark can be tagged (as can efficiently be done for the case of b-quarks, thanks to µ-vertex or high-p T lepton techniques), one can use e + e − → bbg samples to verify the flavour independence of α S and to measure the b-quark (running) mass.
Thorough tests of QCD have been performed over the years and at many colliders (PETRA, TRISTAN, SLC/LEP and LEP2 [1] ) through e + e − → qqg and many more are foreseen at future ones, such as the ILC [2] or CLIC [3] . In fact, old e + e − → qqg data are currently been revisited [4] in the light of the recently available Next-to-Next-to-LeadingOrder NNLO QCD corrections [5] , which can now supplement the NLO results of [6] (see also Refs. [7] - [9] for their implementation in numerical programs). However, as already emphasised in Refs. [10, 11] , if O(α If full event orientation is retained in e + e − → qqg, one can further study certain polar and azimuthal angle asymmetries, which are strongly sensitive to parity-violating effects and thus represent a new search-ground for anomalous contributions that can be explored experimentally [12] - [14] . Such asymmetries are observed if beam polarisation can be exploited, as was the case at SLC and will certainly be possible at the ILC and CLIC. Finally, in the presence of polarised electrons and/or positrons, left-right asymmetries can also be studied. In these respects, while NLO and NNLO QCD effects can be the source of nontrivial asymmetry effects, one expects genuine parity-violating ones to occur naturally in NLO EW corrections. It is the purpose of this note to show that this is indeed the case, and at a sizable level given current experimental uncertanties, in both the unpolarised and polarised e + e − → qqg cross section. The paper is organised as follows. Section 2 briefly describes our calculation. Section 3 presents our numerical results whilst Section 4 summarises our main conclusions.
Calculation
The procedures adopted to carry out our computation have been described in the first paper of [11] , to which we refer the reader for the most technical details. Here, we would only like to point out that, in anticipation of an electron-positron collider in which either or both the incoming beams can be polarised, we have inserted a helicity projection operator into the electron line and obtained separate results for left-handed (e L ) and right-handed (e R ) incoming electrons 2 . As already intimated in the Introduction, for genuinely weak interaction terms, this is of particular interest, since such corrections violate parity conservation. Unfortunately, this occurs already at tree-level [12] , owing to the contribution from exchange of a Z boson, but these higher order corrections are also peculiarly dependent on the incoming lepton helicity and thus one would expect the two parity-violating effects be distinguishable after the collection of sufficient events. Also notice that, as well as the electron/positron mass, we also have neglected the masses of the quarks throughout. However, whenever there is a W ± boson in the virtual loops, account has to be taken of the mass of the virtual top (anti)quark, which we have done.
Before proceeding to show our results, we should mention the numerical parameters used for our simulations. We have taken the top (anti)quark to have a mass m t = 171.6 GeV. The Z mass used was M Z = 91. 18 [16] (e.g., when y ij < y cut with y cut = 0.001), the jets are required to lie in the central detector region 30
• < θ jets < 150
• and we require that the invariant mass of the jet system M qqg is larger than 0.75 × √ s. If a real photon is present in the final state, it is clustered according to the same algorithm, but we require that at least three "hadronic" jets are left at the end (i.e., events in which the photon is resolved are rejected) 3 . We will look at the cases of: (i) fully inclusive cross section, where no parton state can be identified from the jets; (ii) semi-inclusive cross section, where, e.g., the quark is assumed to be tagged and the gluon is taken to be the least energetic jet in the event; (iii) (fully) exclusive cross section, where each parton can be identified with a jet. Recall that, al least in the case of b-quarks, both the flavour (e.g., via a µ-vertex device) and charge (e.g., via the emerging lepton charge or the jet-charge method) of a quark can be extracted from a jet. (In all such cases, for sake of illustration, we take the efficiency to be unity.)
In order to show the behaviour of the EW corrections we are calculating, other than scanning in the collider energy, we have considered here the three discrete values of 
Numerical Results
Before proceeding to investigate the spatial orientation of the e + e − → qqg differential cross section through the O(α S α 3 EM ) in presence of one-loop EW corrections of O(α EM ), it is instructive to see the effects of the various components of these corrections on the treelevel O(α S α 2 EM ) result for the integrated cross section, as a function of the collider energy. This is done in Fig. 1 , for the two electron polarisations separately. The curves represent the effects of the QED (virtual and real) corrections only, the gauge bosons self-energy corrections, the non-factorisable graphs involving four-and five-point functions with W W exchange 5 , the weak corrections with the non-factorisable W W graphs removed and the sum of the previous ones. Notice that the total effect depends strongly on the electron polarisation state. If the electron is right-handed, there are no contributions from the nonfactorisable W W graphs. Furthermore, there are strong cancellations between the gauge bosons self-energy terms (which are increasingly positive) and the full weak corrections with the non-factorisable W W graphs omitted, (which are increasingly negative). Here, the QED terms are never very large. Overall, the full O(α EM ) correction is small, as it is always below the −2% level. In contrast, overall effects are very large in the case of lefthanded electrons, also displaying the typical Sudakov enhancement at large energies: e.g., at 1 TeV, the full O(α EM ) correction can reach −20%. Here, the dominant terms, again of opposite signs, are the full weak minus non-factorisable W W component (increasingly positive) and the non-factorisable W W terms (increasingly negative), with the QED effects being at the (positive) percent level and the gauge boson self-energies yielding up to +25% corrections.
We start our differential analysis by assuming a fully inclusive setup, whereby jets are labelled only in terms of their energies, E 3 ≤ E 2 ≤ E 1 , and the event orientation is identified uniquely by adopting as polar and azimuthal variables (see Ref. [12] ) those defined as the angle of the fastest jet with respect to the electron beam direction (denoted by θ ij ) and the one whose cosine satisfies (with obvious meaning of the vector symbols)
respectively. At the Z pole, EW corrections of O(α EM ) to the polar angle are substantial, up to −40% at fixed order and dominated by the QED component, as the purely weak part, involving only the exchange of W ± and/or Z bosons, accounts only for a −5% or so. The QED effects are tamed by the inclusion of even higher order Leading Logarithmic (LL) effects (see [11] for the details of the implementation), though they decrease only slightly, to −35%. Such large effects are mainly driven by the Initial State Radiation (ISR) affecting the line-shape of the cross section around the resonance and are essentially independent of the polarisation state of the electron. With increasing collider energy, for the case of lefthanded electrons, the overall corrections diminish in absolute size, to no more than −25% the O(α EM ) purely weak part, for right-handed electrons, it can be seen that corrections become positive and somewhat smaller, in this case independent of whether the collider energy is at the tt threshold or in the TeV regime. We display all these patterns in Figs. 2-4 . Unlike the case of the polar angle, the corrections to the differential cross sections with resepct to the azimuthal angle at the Z peak are essentially flat. Their hierarchy and size, however, are the same for both variables. In fact, at fixed O(α EM ), QED corrections are always the leading ones whilst the weak effects are subleading, the former being a factor of 9 or so larger than the latter, both being negative and summing up to −45%. LL resummation effects in QED reduce the overall corrections to −40%. Again, at this low energy, there is no dependence of the O(α EM ) EW effects on the electron polarisation. As √ s increases, QED effects are no longer constant, as they are maximal (and negative) for In the semi-inclusive case we found little differences with respect to the fully inclusive setup in the case of both the polar and azimuthal angles, hence we will not dwell upon these variables here. This is also true for the polar angle in the case of the exclusive analysis, so that we do not treat this variable either. In contrast, the azimuthal distribution, which we now define as (again, with obvious meaning of the vector symbols)
is affected somewhat differently in the exclusive case compared with the fully inclusive one. This is displayed in Figs. 8-10 . Whilst at √ s = M Z differences between these two cases are really minimal and, in fact, mainly due to the shape of the tree-level distributions, at √ s = 350 GeV and 1 TeV, the O(α EM ) effects are different in both shape and size. Whilst the QED ones still display a maximum (negative) correction at χ = 90 o , they also show local maxima (either positive or negative) in the near forward/backward directions, for both energies and both electron polarisations. Sizewise, in the exclusive case, QED corrections are smaller than in the fully inclusive case, with this reduction being more pronounced (by a factor of 3 or so) for right-handed rather than left-handed (by a factor of 1.5 or so) electrons. (Also notice that QED LL resummation effects through higher orders are never relevant.) Finally, the purely weak corrections in the exclusive case are never substantially different from the counterparts in the fully inclusive scenario.
Summary
In summary, a careful analysis of actual e + e − → qqg events, involving one-loop EW effects, is required, particularly in presence of beam polarisation and high energy, if one wants to accurately characterise the event orientation. We have in fact found substantial O(α EM ) corrections in the case of both the QED and weak components that render the full one-loop O(α S α 3 EM ) predictions measureably different from the tree-level O(α S α 2 EM ) ones for both polar and azimuthal angular distributions used to identify the event orientation, irrespective of the level of inclusiveness (or exclusiveness) of the analysis. Hence, since such genuine SM effects could well mimick new physics phenomena, it is of paramount importance that they are accounted for in phenomenological studies of the three-jet event sample. In our calculation, we have neglected tree-level W ± and Z bremsstrahlung through O(α S α 3 EM ), as we expect that, in view of the cleanliness of three-jet samples produced in electron-positron machines compared with hadronic ones, their contribution can be efficiently identified and removed from the data. 
